In this paper, we consider the conical Radon transform on all cones with horizontal central axis whose vertices are on a straight line. We derive an explicit inversion formula for such transform. The inversion makes use of the vertical slice transform on a sphere and V-line transform on a plane.
Introduction
Let us denote by C the set all cones in R n . Then, a (weighted) conical Radon transform of a function f ∈ C ∞ (R n ) is the function T(f ) : M ⊂ C → R defined by
where w(x, c) is a positive smooth weight function. The conical Radon transform has been actively studied the thanks to its applications in Compton camera imaging (see, [6, 21] ). In Compton camera imaging, one has to invert a conical Radon transform in order to find the interior image of a biological object from the measurement of Compton scattering. In the two dimensional space (n = 2), the conical Radon transform becomes the V-line transform, which also arises in optical tomography [8] . There exist quite a few inversion formulas for the V-line transform (e.g. [3, 18, 23, 7, 2, 14] ). In the three dimensional space (n = 3), C is a six dimensional manifold and there are many practical choices of M. Taking advantage of redundancy, i.e. by choosing dim(M) > 3, was the topic of several works (see, e.g., [22, 16] ). One, however, may wish to study the case dim(M) = 3 for the mathematical interest and practical setups for Compton camera imaging [5, 19, 1, 11, 17] . Several papers (e.g., [10, 12, 22] ) gave the inversion formula for conical transform in general dimensional space. We mention that using spherical harmonics to compute series solutions is also a popular approach for inversion (see, e.g., [4, 15, 20] ).
In this paper, we aim to reconstruct a function f ∈ C ∞ (R 3 ) from all cones whose vertices are in a vertical line and central lines are horizontal, see Fig. 1 . The manifold M of such cones is of three dimensions. This formulation corresponds to the Compton camera imaging with detectors on a line.
Let us now describe the problem in more detail. We introduce the following notations: b (z) = (0, 0, z) ∈ R 3 be a point in the z-axis, e ϕ := (cos ϕ, sin ϕ, 0) is a horizontal unit vector in the xyz-space, and
is the one-side circular cone, having vertex b (z) and the symmetry axis {b(z) + r · e β |r > 0}. We define our (weighted) conical Radon transform of a function f ∈ C In order to invert the conical introduced in the previous section, we introduce the weighted X-ray and vertical slice transforms.
Definition 2.1 (The weighted X-Ray transform). Let k ∈ N and f ∈ C ∞ 0 R 3 . We define the weighted X-Ray transform
The weighted X-ray transform has been used in inverting the conical transform in other setups [17] .
Vertical slice transform was investigated Gindikin [9] . It has the following inversion formula (see [9, Theorem 2.1]): Theorem 2.3. Let ω ∈ S 2 and g : C(S 2 ) −→ R is even in the third coordinate. Then
The following lemma gives us the relationship between the weighted X-ray, the weighted conical Radon, and the vertical slice transforms:
In the lemma, we have used the notation Γ(χ k f )(z, ·) for the vertical slice transform of χ k f (z, ·). Let us now prove the lemma.
Proof. We have
This finishes the proof.
For any ω = (ω 1 , ω 2 , ω 3 ) ∈ R 3 , we define the even and odd parts of the function χ k f as follows:
Since all the circles appearing in the vertical slice transform are symmetric with respect to the xy-plane and (χ k f ) o is an odd function in the third coordinate, Γ(χ k f o ) ≡ 0. Therefore, from Lemma 2.4, we obtain
Let a (ϕ, η) := (cos ϕ sin η, sin ϕ sin η, cos η) ∈ S 2 be the unit vector in R 3 determined by the horizontal angle ϕ and vertical angle η. We denote (χ k f ) e (z, ϕ, η) = (χ k f ) e (z, a (ϕ, η)), then:
Proof. Since (χ k f ) e is even in the third coordinate, applying Lemma 2.4 and Theorem 2.3, we obtain
For any ω ∈ S 2 , we can write ω = a(ϕ, η) = (sin η cos ϕ, sin η sin ϕ, cos η). Therefore,
Since Γ(χ k f ) e (., t) = 0 when |t| > 1, we only need to consider when the third variable in the integrand is in the interval [−1, 1]. We, hence, can define cos ψ = sin η cos (β − ϕ) + q for some ψ ∈ [0, π]. We arrive at
Using (3), we deduce
On the other hand (see, e.g., [17] ),
for any h > 0.
Let us change the variable s → γ by the formula s = cot γ sin η, γ ∈ (0, π). Then, ds = − sin η sin 2 γ dγ.
Choosing h = sin η sin γ ,
This finishes our proof.
Let us note 2(X 0 f ) e (z, ϕ, η) is the integral of f along a V-line whose vertex is b(z), each branch makes an angle η to the horizontal plane and is the reflection of the other via the horizontal plane. We are now ready to compute the function f in R 3 from its conical transform in Definition 2.1. To this end, we will decompose R 3 into the union of half-planes H e , where e is a horizontal unit vector. Here, H e is the vertical half plane passing through the z-axis and containing the unit vector e. We only need to compute f on each such half-plane. On each such half-plane we are given the V-line transform of the function f , which integrates f over all V-lines with horizontal central axis whose vertices are on the boundary of H e . The inversion such transform can be reduced to that of the X-ray transform (see [3] ). The idea will be used in our proof below for Theorem 2.6 below. Theorem 2.6 (Inversion Formula of Conical Radon Transform). For each x ∈ R 3 , we write x = (re ϕ , x 3 ) where r ≥ 0 and ϕ ∈ [0, 2π). Then,
dγ dp dη.
Proof. Let H be the vertical half-plane passing through the z-axis and the unit vector e = e ϕ . For any x ∈ H then x = (rθ (ϕ) , x 3 ). We define f * (r, x 3 ) = f (rθ (ϕ) , x 3 ) , for r ≥ 0. We then extend f * to the whole space (r, x 3 ) ∈ R 2 by the even reflection. Then, for any η ∈ (0, π), p ∈ R, we have
Here, R denote the standard Radon transform in two dimensional space. Choosing z = p sin η , then R(f * ) (η, p) = 2(χ 0 f ) e p sin η , ϕ, η , for 0 < η < π.
Since f ∈ C ∞ 0 R 3 , the value of R(f * ) at η = 0, π can be computed by the continuous extension. Now, using the inversion of the Radon transform (see [13] ) and Lemma 2.5, we conclude This finishes our proof.
